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By means of an identity it is proved that every integer is the sum or difference 
of 28 integral eighth powers and every rational number is the sum or difference of 
12 eighth powers of rational numbers. A parametric solution of the Diophantine 
equation xf=, .xy =x7=, y f  is obtained and a method is also given for solving the 
simultaneous Diophantine equations x:=, xf - xp= r y f  = a, xf=, x, - zf= 1 yi = b, 
b #O. Finally a parametric solution of the Diophantine equation zy=, xf = 
c:=,.v;> m >, 6 and n 2 7, is obtained. 0 199 L Academic Press. Inc. 
If there exists a non-trivial solution of 
f, 4 = ,g, Yk, (1) 
where the x’s and the y’s are positive integers, we write 
(rn)k = (n)k. (2) 
We use /? = P(k) to denote the least value of n such that (1) has a non- 
trivial solution with m <n, and y = y(k) to denote the least value of n such 
that (1) has infinitely many non-trivial solutions with m  < n. 
Further, we use v(k) to denote the least value of s such that every integer 
n can be expressed in the form 
k 
n=E1X/;+EZX2+ ... +&,x;, (3) 
where si = f 1 and xi is a positive integer or zero for all values of i. 
Similarly, we use g,(k) to denote the least value of s such that every 
rational number r can be expressed in the form 
r = E, X; + . . . + E,Xt, 
where &i = _+ 1 and all of the values of xi are rational. 
(4) 
104 
0022-314X/91 $3.00 
Copyright 0 1991 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
ONSUMSOFEIGHTHPOWERS 105 
In this paper we prove the following theorems about eighth powers: 
THEOREM 1. p(8)<7. 
THEOREM 2. y(8)67. 
THEOREM 3. u(8)<28. 
THEOREM 4. The system of equations 
i xi- ; y,=b 
(5) 
i= 1 i=l 
has infinitely many solutions in rational numbers xi, yi for all rational 
numbers a, b, where b # 0. 
COROLLARY 1. g,(8)612. 
COROLLARY 2. There exist infinitely many integral solutions of the 
system of equations 
i x4= f; y;, k= 1, 8. (6) 
,=I i=l 
Theorem 1 has been proved earlier [l] and recently Vaserstein [Z] has 
proved Theorem 3 by means of a complicated identity. We give here a 
simpler proof. Finally, we also obtain a parametric solution of the 
Diophantine equation 
M II 
c xf= 1 y” (7) 
i=l ,=l 
whenever m 2 6 and n 3 7. 
ProoJ We write 
x =t’*x-- 1 Y, y, =t12x+y 
x* = t”x + t7y, y, = t”x - t’y 
xj = t7x + t3y, y, = t’x - t3y 
xq = tsx - t’7y, y, = t5x + t17y 
x5 = ?X - t’3y, y, = tx + t’3y 
xg =x + tzOy, y, =x - t2oy. 
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Then we have the identity 
We may take x = 16 and -v = t13’ - t’16 - ts4 + t5’ + tzo - t“ and then we get 
the identity 
(t’32 - t’16 - t84 + f52 + ,+’ _ I&‘2 - t4)8 
+ (!I39 - (“3 _ t9’ + f59 + tJ’+ 15t”)S 
+ (t’35 - t”9 - P’ + t55 + t23 + 15ty 
+ (!I49 _ !I33 _ $01 + t69 + t3’ - t” - l&5)8 
+ ($45 - 1’29 - t97 + t65 + t33 - t 17 - 16t)’ 
+ ((‘52 - t’36 - [‘a4 + t’2 + t4” - t2“ + 16)s 
= ([‘32 _ t”6 _ p4 + t52 + t20 + 16t” - t4)* 
+ (P - t’23 - t9’ + z59 + t2’ _ 17t”)8 
$ (t’35 - 21’9 - t8’ + ts5 $ t2j - 17ty 
+ (*‘49 _ t’33 _ tlOl + tj9 + t3’ - t2’ + t6ts)’ 
+ (t’45 - t’29 - tg7 + f5 + t33 - t” + 16t)’ 
+ (tlS2 _ !I36 _ !104 +t72+f40-t24-16)8 
+ {qt’33- t”‘- P t P3 + t21 - P)) 8. 
This gives a parametric solution of the Diophantine equation 
This proves Theorems 1 and 2. 
To prove Theorem 3 we observe that by taking y = 1 and giving to t any 
numerical integral value, (8) may be written 
where C is an integer. It has been proved by Fuchs and Wright [3] that 
every integer is the sum or difference of 16 eighth powers modulo any given 
integer C # 0. It foHows that u(8) < 12 + 16 = 28. 
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To prove Theorem 4, we observe that with xi, yi, i = 1,2, . . . . 6, defined as 
before, we have, in addition to identity (6), another identity, that is, 
j, xfpi$, Yic2y(t2’- I”- t13 + t’+ t3- 1). 
Since b # 0, we can first choose a suitable y # 0 and then a suitable x such 
that the simultaneous equations (5) hold. Moreover, since t is arbitrary, we 
can obtain infinitely many solutions of (5). 
The first corollary to Theorem 4 is obvious. In fact, as t can be taken to 
be any rational number in (8), except that t # 0, + 1, every rational number 
can be expressed as a sum or difference of 12 eighth powers in an infinity 
of ways. The second corollary follows by taking b =JJ, - x7 and 
a=y;-x;, where x7, y, are arbitrarily chosen integers. Integral solutions 
of (6) can be obtained by multiplying by a constant. 
Finally, we note that a parametric solution of (7) has already been 
obtained with m=6 and n=7. To solve Eq.(7) with m=6+mr, m,>O, 
and n = 6 +n,, n, > 1, we equate the right-hand side of (8) to x;l; r v; if 
m,=OortoC;f=, VP - Cy:, uf if m, > 1, where ui, vi are arbitrary integers. 
Again we may take y = 1 and solve for x. This leads to a solution in 
rationals of the equation 
;il x: = ;g, YF + igI VH 
or 
i$, x: + ;, 4 = j, YB + ;g, v: 
according to whether m, = 0 or m, > 1. Multiplying by a suitable constant 
yields a solution of (7) in integers. 
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